Econometrics

Multiple Regression Analysis: Estimation. Wooldridge (2013), Chapter 3
@ Ordinary Least Squares (OLS) Estimator
o Interpreting Multiple Regression

A “Partialling Out” Interpretation of the OLS estimator -
Frisch-Waugh (1933) Theorem

@ Simple vs Multiple Regression Estimate
@ The R-squared

@ Unbiasedness of the OLS estimator

@ Too Many or Too Few Variables

@ Variance of the OLS Estimators
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Multiple Regression Analysis

The Multiple Regression model takes the form

E (y|x1, ..., xx) = Bo + Brx1 + Boxa + . + Byxk

or equivalently

Y = By + Bix1+ Boxo + ... + Brxr +u,

where E (u|xq,...,x;) = 0.
Parallels with Simple Regression:

@ y is the dependent variable (regressand).
@ x1,..., Xy are the k regressors.

@ u is still the error term (or disturbance).
@ B, is still the intercept.

@ j3; to B, all called slope parameters.
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Multiple Regression Analysis

Y = By + Bix1+ Boxo + ... + Brxk + 1,
where E (u|xq,...,x¢) = 0.

Examples:

@ y—sales, the regressors are advertising expenditure, income,
price relative to competitors.

@ y— personal consumption, the regressors are disposable income,
wealth, interest rates.

@ y— Investment, the regressors are interest rates and profits (past
and future).

o y— Wages, the regressors are schooling, experience, ability and
gender.
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Multiple Regression Analysis

Ordinary Least Squares (OLS) Estimator

To estimate j, B, B,, --., B we choose BO, Bl, [52, e Bk that minimize
AoA oA A 1 N A A A 2
S (/30/ ﬁlfﬁzf e .Bk) = n Zi:l (]/z' - 50 - ,leil - /32xi2 e .kaik)
The first order conditions are
2 «—n A A A N
- Y (i — By — Byxan — Boxia — . — Brxir) = 0

2 .. . X
- Yoo (i — By — Bixin — Boxip — . — Brap)xij = 0
i = 1.,k

o This is a system of equations with k + 1 equations and k + 1
variables: B, 1, B, .-, By The Ordinary Least Squares estimator
is obtained by solving the system of equations for BO, Bl, ,Bz, e ,Bk.

B B —



Multiple Regression Analysis

Ordinary Least Squares (OLS) Estimator

The first order conditions can be written as

2

- E Z?:l i =0 (1)
2 .
- Yo g = 0, 2)
i = 1.,k
where il; = y; — Bo - leﬂ - Bzxiz — . = ,ka,-k.(residuals)

Remarks:

@ Beyond the two-variable case it is not possible to write out an
explicit formula for the OLS estimators S, B;, B, ..., B (without
the use of matrix algebra), although a solution exists.

@ Equation (1) implies that the sum and the mean of the residuals
are zero.

@ Equations (1) and (2) imply that the covariances between the
residuals and each regressor are zero.
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Multiple Regression Analysis

Interpreting Multiple Regression

The OLS regression line (fitted values) is now defined as
7= Byt B+ Byxa + o+ B
Writing it in terms of changes we obtain
Aj = ByAxy + ByAxy + ...+ B Axy
Holding x; ,i = 1, ..k and i # j fixed implies that
Ay = Bidx;,

j=1,..., k. Thus each § has a ceteris paribus interpretation.
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Multiple Regression Analysis

A Note on Terminology

@ In most cases, we will indicate the estimation of a relationship
through OLS by writing as

= Bo + lel + Bzxz 4.+ f%kxk. 3)

@ Sometimes, for the sake of brevity, it is useful to indicate that an
OLS regression has been run without actually writing out the
equation.

@ We will often indicate that equation (3) has been obtained by
OLS in saying that we run the regression of y on x, X, ..., Xk
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Multiple Regression Analysis

Interpreting Multiple Regression

@ Regression of Wages on years of Education and years of Work
Experience:

Dependent variable: Wages
Estimation Method: Ordinary Least Squares

Regressors | Estimates
Intercept | —5.56732
Education | 0.97685

Experience | 0.10367

@ Another year of Education is predicted to increase the mean of
wages by $0.97685, holding Experience fixed.

@ Another year of Experience is predicted to increase the mean of
wages by $0.10367, holding Education fixed.
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Multiple Regression Analysis: Estimation

A “Partialling Out” Interpretation - Frisch-Waugh (1933) Theorem

Consider the case k = 2, i.e.
= By + Bx1 + Boxa.

There is an interesting interpretation for Bl :
@ Let #;; be the residuals from the regression of x; on x. The fitted
values are 1 = 4 + ¥ox2.
@ Notice thatfori=1,...,n

Xjp = it + Fit
—~—
part of x; that can part of x1 that cannot
be explained by x, be explained by x,

@ It can be shown that the OLS estimator for f3;, Bl, is equal to the
estimator of the slope when we run a regression of y; on #;;. That
is

N Y Payi
131 - no a2
i=1"1
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Multiple Regression Analysis: Estimation

A “Partialling Out” Interpretation - Frisch-Waugh (1933) Theorem

@ It can be shown that the OLS estimator for f3;, Bl, is equal to the
estimator of the slope when we run a regression of y; on 7#;;. That
is

N Y Payi
IB 1 — n ?,2 4
i=1"i1

@ What is the interpretation of this?

o We're estimating the effect of x; on y after removing from x; the
effect of x».
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Multiple Regression Analysis

Simple vs Multiple Regression Estimate

Compare the simple regression
§=Po+ B
with the multiple regression
§ =Byt Prr1+pyna.

Generally B, # B, unless 3, = 0 (i.e. no partial effect of x,) or x; and
xp are uncorrelated in the sample.
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Multiple Regression Analysis

Simple vs Multiple Regression Estimate

Example:
@ Regression of Wages on Education

Dependent valiable: Wages
Estimation Method: Ordinary Least Squares, sample size: 528

Regressors | Estimates
Intercept | —1.60468
Education | 0.81395

@ Regression of Wages on Education and Experience

Dependent valiable: Wages
Estimation Method: Ordinary Least Squares, sample size: 528

Regressors | Estimates
Intercept | —5.56732
Education | 0.97685

Experience | 0.10367
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Multiple Regression Analysis

Goodness-of-Fit

As in the simple regression model we can think of each observation
as being made up of an explained part, and an unexplained part,
Yi = i+ ;.
We then define the following:
o Y (vi— }7)2 is the total sum of squares (SST).
o Y (li— y)z is the explained sum of squares (SSE).
oY, ﬁf is the residual sum of squares (SSR).

(Same definitions as in the linear regression model)
Then
SST = SSE + SSR.

Prove this result in the simple regression model!
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Multiple Regression Analysis

Goodness-of-Fit

Proof:
Recall that in the simple regression model we had

IS - Bo—B) = 0,

n

1 A A
7 Z?:l xi(yi — Bo — pixi) = 0.

But since iI; = y; — B, — p,x;, we have

1 .
E Z:lzl u = 0/
1

n ~
;Za‘:l X = 0.

] 14/ 37



Multiple Regression Analysis

Goodness-of-Fit

By definition, we have

251 Vi — Vi,
vi = ity
Therefore
_ 1 n 1 n ~ 1 n A
y = 4 Y ¥i= 7 Y it 7 Yot
lewn . =
- Y9 =7
because % " fi; = 0 and ) is the average of the fitted values.
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Multiple Regression Analysis

Goodness-of-Fit

We prove now that
Y i il = 0.
Notice that §; = B, + B, x;, therefore
Yot (Bo+Bixi) = Yol (Bofti+ Byxid)
= Y Boti+ Y Boxit
= Bodoiy it By Y, xill
=0

because /' ; #1; = 0and }_I' ; x;i1; = 0.
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Multiple Regression Analysis

Goodness-of-Fit

Now we are going to prove that

SST = SSE+SSR,
n n

Y i-9F = L i-9P+ LA

i=1 i=1 i=1

Given that y; = f; + 11;, we have

:1(%’_?)2 = l_fl(wu,—yf
= Ll-) v Al
= ¥ [-97 v 20 p)a]
- g(yl—y)2+§ﬁ$+é2@z—?)ﬁz



Multiple Regression Analysis

Goodness-of-Fit

Now notice that

n n
2(91'7}7)7’;‘1' = 22(%*?)%
i=1 i=1
= 2) (§ifti — i)
i=1
n n
= 2 (Zyiﬁl - Z:WL)
i=1 i=1
n n
= 2 (Z?iﬁl—?zﬁi)
i=1 i=1
=0

because Y1 ; §if1; = 0and Y} ; #1; = 0.
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Multiple Regression Analysis

Goodness-of-Fit

o Can compute the fraction of the total sum of squares (5ST) that is
explained by the model, call this the R-squared of regression:

R? = SSE/SST = 1 — SSR/SST,
where

SST =Y, (yi—9)*, SSE=Y"4 (i —7)°, SSR=Yyr i?

@ R?is a measure of Goodness of fit: proportion of the variance of
the dependent variable that is explained by the model.
o The R? is called the coefficient of determination.
e 0<R*<1.
It can be shown that R? is equal to the squares of the correlation
between # and y

Y (B =) (vi — )]
Sy (- 9) 2y (v )

S0 vahd for the simple regression model). It can also be shown that

R* =

al
y=
_



Multiple Regression Analysis

More about R-squared

@ R? can never decrease when another independent variable is
added to a regression, and usually will increase.

@ Because R? will usually increase with the number of
independent variables, it is not a good way to compare models.

@ An alternative measure usually reported by any statistical
software is the adjusted R-squared:

o SSR/(n—k—1)
R = 1- SST/(n—1)
(n—1)
— 1—(n_k_1)(1—R2).

o R? penalizes the number of regressors included.

e However, R?, is not not between 0 and 1. In fact, it can be
negative.
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Multiple Regression Analysis

More about R-squared

Example: Regression of Wages on Education and Experience

Dependent valiable: Wages
Estimation Method: Ordinary Least Squares, sample size: 528

Regressors | Estimates
Intercept | —5.56732
Education | 0.97685

Experience | 0.10367

R? =0.209, R? = 0.206
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Multiple Regression Analysis

Assumptions for Unbiasedness

@ Population model is linear in parameters:
y=PBo+pix1+ppat ...+ +u

@ We can use a random sample of size
nA{ (xin, X, ..., X, y;) 11 =1,2,...,n}, from the population
model, so that the sample model is

Yi = Bo + Byxin + Boxio + - - + Brxix + ;.

@ E(ulxy,xp,... x;) = 0, implying that all of the explanatory
variables are exogenous.

@ None of the x’s is constant, and there are no exact linear
relationships among them (no perfect multicolinearity).

Proposition

Under the above assumptions the OLS estimators for B, By, ...B) are
unbiased, that is

E(B) =By j=1 sk

(prove this result in the simple regression model).
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Multiple Regression Analysis

Unbiasedness

Proof:
Recall that in the simple regression model we had

By = ¥-pBi%
B, = i (xi — %) (vi —?),
: Yy (v — 1)

We proved before that )" ; (x; — J‘c)z =Y (—X)x.
We prove now that Ly (x; — X) (yi —§) = Lilq (xi — X) yi-
Notice that

Yo iR i-y = Y [0y (- 1)
= Y i—Xy—Y (—X)F
= 27:1(’(1 X)yi — yzl  (xi = %)
= 2?1(351_55)]/1

because, as we proved before, Y /' ; (x; — %) = 0.



Multiple Regression Analysis

Unbiasedness

Therefore
B, = M
io1 (Xi — X) x;
Recall that in the simple regression model we have
vi = PBotBxitu,i=1,.,n
E(uilx;) = 0.

We have to prove that E (8;) = B, and E (B,) = B,
Write ¥ = (x1, Xy, ..., X ), therefore by the law of iterated expectations

we have
E(B) =E(E(B]7))
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Multiple Regression Analysis

Unbiasedness

Now

o - (B
1 , i
= ;1:1 (xi x) XlE Zz:l (xi - X) %|x)
- Y E(w—9il)
i=1 (x; — %) x;
= e T (- DE ()
i=1 (xi — %) x;

and E (y;|X) = E (yi|x1,x2, .., Xj, ..., Xn) = E (yi]x;) because y; is
independent from x; for j # i as we assumed that we use a random

sample { (x;,yi) }i_q



Multiple Regression Analysis
Unbiasedness

Now notice that E (y;|x;) = B, + B;X;, therefore
1

E(Blx) = DL 2?:1 (xi = x) (Bg + Brxi)
_ Xt (i —X) By + Xy (i — X) By
Yitq (xi —X)x;
_ Bl (i) 4B YL (X)X
Yity (xi —X)x;
BT -
Yl (xi —X)x;

= B

therefore

E(B) = E(E(BI®))



Multiple Regression Analysis

Unbiasedness

Concerning the estimator of the intercept parameter notice that, by
the law of iterated expectations, we have

E (Bo) = E (E (Bol%))

Also
E(Bolx) = E(7—pxIx)
= E(yx) — E (Bx[%)
= E(yx) —E(By%)x
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Multiple Regression Analysis
Unbiasedness

E@lY) = E(iz?lyﬂc)
= *Zz 1 E(wil%)

= Y (Bt B

1 -
= it Bot iy Buxi
= i(ﬁo+ﬁ0+-'-+ﬁo>+ﬁ1 211 i
%,_/

Xn
n _
= 5504',31"
= pot+piX
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Multiple Regression Analysis

Unbiasedness

Therefore

E (Bom = PotBX—pix
= By

therefore



Multiple Regression Analysis

Too Many or Too Few Variables

@ What happens if we include variables in our specification that
don’t belong?

@ There is no effect on our parameter estimate, and OLS remains
unbiased.

@ What if we exclude a variable from our specification that does
belong?

@ OLS will usually be biased.
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Multiple Regression Analysis

Too Many or Too Few Variables
Suppose that we know that the model is
y =Byt Bx1+prxatu

where E(u|x1,x,) = 0 but we estimate = B, + B;x;.
@ As it was shown before

g, = T (= M)y
LY (3’

@ Then conditional on the regressors

EB) = Bith Zijl (bt - 5{}) xziz
imq (xin —X1)
— B 4B, Y (:ﬂ —Xp) (?_Ciz - X2)
imq (xin — %)

as we can show that
Yisq (i —X1)xp = YL (xin — %) (xp — %2) -
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Multiple Regression Analysis

Too Many or Too Few Variables

@ Thus

(xin — %) (xip — %2)
(e —x)°

A Y (i — &) (X — X2)
T T (xn — 3)

S
= p1+h ;12/952.
X1

By + B, Lo

™
~—
=)
—
~—
Il

= Bt+h

where Sy, v, is the sample covariance between x; and x; and Sgl
is the sample variance of xy.
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Multiple Regression Analysis

Too Many or Too Few Variables

~ Sy X
E(B)) = Bi+5B; 812 2
X1

le X2 SJCZ
+ 72 772
ﬁl 152 sz le le

S
= B+ ﬁZCOVr(xl,xz)S—xz.
X1
Summary of Direction of Bias
Corr(x1,x2) >0 | Corr(x1,x2) <0

B, > 0 | Positive Bias Negative Bias
B, <0 | Negative Bias | Positive Bias
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Multiple Regression Analysis

Omitted Variable Bias Summary

@ Two cases where bias is equal to zero:

e B, =0, that is x, doesn’t really belong in model.
e x1 and x; are uncorrelated in the sample.

e If corr(xy, x1) and B, have the same sign, bias will be positive.
o If corr(xy, x1) and B, have the opposite sign, bias will be negative.

@ The More General Case: Technically, can only obtain the sign of
the bias for the more general case if all of the included x’s are
uncorrelated.
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Multiple Regression Analysis

Variance of the OLS Estimators

The Variance-covariance matrix of the OLS estimator (B, B1, ..., B;)
has the form:

(Bo) (

By) . Coo(By By)
B )

r I
Cov( (B Coo(By, By

cov<ﬁo,fsk> Cootho ) - Var (B

B



Multiple Regression Analysis

Variance of the OLS Estimators

@ Let x stand for (xq,x2, ... xg).
o Assume Var(u|x) = ¢ (Homoskedasticity).
e Assuming that Var(u|x) = o2 also implies that Var(y|x) = 0.

@ The 4 assumptions for unbiasedness, plus this homoskedasticity
assumption are known as the Gauss-Markov assumptions.
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Multiple Regression Analysis

Variance of the OLS Estimators

Given the Gauss-Markov Assumptions

A o2

Var(p;) = —SST]- (1 - Rjz) ,

where the SST; = YL (x; — 9‘(]-)2 and R? is the R? from the regressing

x; on all other x’s.
Components of OLS Variances:

@ The error variance: a larger o2 implies a larger variance for the
OLS estimators.

@ The total sample variation: a larger SST; implies a smaller
variance for the estimators.

@ Linear relationships among the independent variables: a larger
R].2 implies a larger variance for the estimators.
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